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Abstract 

In the possible scaling region for lattice chiral fermions advocated in Nucl. Phys. 
B486 (1997) 282, no hard spontaneous symmetry breaking occurs and doublers 
are gauge-invariantly decoupled via mixing with composite three-fermion-states. 
However the strong coupling expansion breaks down due to no "static limit" for 
the low-energy limit (p ~ 0). We further analyze relevant Green functions of 
three-fermion-operators. It is shown that in the low-energy limit, the propaga- 
tors of three-fermion-states with the "wrong" chiralities positively vanish due to 
the generalized form factors (the wave-function renormalizations) of these com- 
posite states vanishing as 0(p 4 ). This strongly implies that three-fermion-states 
with "wrong" chirality are "decoupled" in this limit. 
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1 A possible scaling region of chiral fermions 



The attempt to get around the "no-go" theorem [|TJ for the "vector-like" phe- 
nomenon of chiral fermions on a lattice is currently a very important issue of the- 
oretical particle physics(0-[|13j). One attempt is the approach of multifermion 



couplings, which can be traced back from the recent lattice formulation of the 
Standard Model [II] to the pioneer model suggested in ref. |15j and successive 
work|l6|, |l7l , |18| in the past years. On the other hand, it was pointed out in an 
crucial paper [Tj| that the models proposed in ref. [ 15 1 fail to give chiral fermions 
in the continuum limit. The reasons are that an NJL|20| spontaneous sym- 
metry breaking phase separates the strong-coupling symmetric phase from the 
weak-coupling symmetric phase, and the right-handed Weyl states do not com- 
pletely disassociate from the left-handed chiral fermions. Further, another crucial 
paper [^1] tried to extent the "no-go" theorem into interacting theories based on 
the plausible argument of such theories being local. The definite failure of the 
models so constructed has then been a general belief @. 

To more easily show the possibility and reason of dynamics for such con- 
structed models to work, we further analyze the simple and anomaly-free model 
of multifermion couplings proposed in the ref. [HJ. Note that ift l L (i = 1,2) is an 
SUl{2) gauged doublet, xr is an SUl{2) singlet and both are two-component 
Weyl fermions. Xr is treated as a "spectator" fermion. ip l L and xr fields are di- 
mensioned [aa]. The following action for chiral fermions with the SUl(2)®Ur(1) 
chiral symmetries on the lattice is suggested: 

S = S f + S 1 + S 2 , (1) 
Sf = ^EE(^)7m^(») + Xh(*)7m^Xb(*)), 
s i = 9iJ2$l( x ) ■ Xr(x)xr(x) ■ ?Pl(x), 

x 

S 2 = ^E^1(^)-[Axk(x)][Ax r (x)]-^(x), 

X 

where Sf is the naive lattice action for chiral fermions, a is the lattice spacing. 
Si and S2 are two external multifermion couplings, where the gi and g 2 have 
dimension [a -2 ], and the Wilson factor is given as, 

&Xr(x) = J21xr( x + ^) + Xr(x-^-2xr(x)}, 



2w{p) 



f e-*»A(30 = £ (1 - cos(^)) . 

J x 



(2) 



Note that all momenta are scaled to be dimensionless, p = p + tta where tta runs 
over fifteen lattice momenta (tta 7^ 0). 

The action (P has an exact local SUl{2) chiral gauge symmetry, 

Y,!^ = - Ul(x)5 x>x ^), U,(x) G 5^(2), (3) 
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which is the gauge symmetry that the continuum theory (the target theory) 
possesses. The global flavour symmetry Ul(1) <S> Ur(X) is not explicitly broken 
in eq. ([I]), we will not discuss the property of violating fermion number in such a 
model. 

It has been advocated ||17|| there exists a plausible scaling region, which is a 
peculiar segment in the phase space of the multifermion couplings gi,g2, 



A 



Oc.a , . c.oo 2 c.a n i o /i i ^ c.oo , / a\ 

,92 <92<g 2 , a 92 = 0.124, Kc/2 < oo, (4) 



for chiral fermions in the low-energy limit, g^' 00 is a finite number and g% a indi- 
cates the critical value above which the effective multifermion couplings associ- 
ating to all doublers are strong enough, so that all doublers are gauge-invariant ly 
decoupled. We qualitatively determined a 2 ^'" = 0.124 in ref.[I7|. The crucial 
points for this scaling region to exist are briefly described in the following. 

In segment A (f|), the action ([]]) possesses a x^-shift-symmetry J22|, i.e., the 
action is invariant under the transformation: 

Xr(x) -> Xr (x) + e, xr(x) -> Xr(%) + e, (5) 

where e is independent of space-time. The Ward identity corresponding to this 
XR-shift-symmetry is given as [[17]] (g% — > 0), 

Y a l^x' R {x) +g^Afa(x)-A XR (xWi(x))) - = 0, (6) 

where the "primed" fields are defined through the generating functional approach, 
and £ T" is the effective potential. The important consequences of this Ward 
identity in segment A are: 

1. the low-energy mode (p ~ 0) of xr is a f ree mode and decoupled: 

A Sxr{x)5xr{0) a 

2. no hard spontaneous chiral symmetry breaking (O(-)) occurs (see 
eqs.(30) and (31) in ref . |3 )§, 

in addition, we have: 

E(p) = p ^ (9) 
which is shown by the strong coupling expansion (see eq.(104) in |Tj 



lr rhe soft symmetry breaking for the low-energy modes (p ~ 0) is allowed. 
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For the strong coupling g2 ^> 1 in the segment A, the following three-fermion- 
states comprising of the elementary fields ip l L and xr i n dD are bound: 

&R=-^(XR-ti.)XR\ n = ^@L-XR)1>l (10) 

These fermion bound states possess the "wrong" chiralities in contrast with the 
"right" chiralities possessed by the elementary fields ip l L and %R- The two-point 
Green functions of these charged ty l R and neutral ^2 have poles at the total 



momentum p = 7Ta[I7 



M(p) = 8a^ 2 w 2 (p), (13) 

where p ~ ~ka and w 2 (p) ^ 0. And the two-point Green functions for doublers 
(p ~ tta) of the elementary fields xr an d V'i, are given by, 



The three- fermion-states (10,11,12) are Weyl fermions and respectively mix with 
the doublers of the elementary Weyl fields xr an d V>£ (@)0)j 

^W = /^(*«(o)^W) * (16) 

^(pH/^*™*^)) = p^jP, (17) 

As a result, the neutral \P„ and charged \P* Dirac fermions are formedll, 

r c = (^L*y ; = (is) 

and the spectrum is vector-like and massive. These show that all doublers are 
decoupled as very massive Dirac fermions consistently with the SUl(2) ® Ur(1) 
chiral symmetries, since the three-fermion-states ( |TDD carry the appropriate quan- 
tum numbers of the chiral groups that accommodate xjj l L and xr- 



2 The propagators of these Dirac fermions can be obtained by summing all relevant Green 
functions shown in above. 
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Eqs.( [TTUT2| ) for doublers is obtained by the the strong-coupling expansion in 
powers of For the strong coupling g 2 1, the kinetic terms can be dropped 
and the strong-coupling limit is given as, 

Z = U xia J[drB^)dxl{x)}[d^{x)d^{x)}e^ V {-S 2 {x)) 

= {2g 2 f N (tet A\x))\ <7 2 »1, (19) 



where the determent is taken only over the lattice space-time and N is the number 
of lattice sites. For the non-zero eigenvalues of the operator A 2 (x) (0), which are 
associating to the doublers (p ~ tta) of ^\{x) and Xr( x )i eo ±- dUD shows the 
existence of a sensible strong-coupling limit. Note that the operator A(x) ~ 
2w(p) (@,0) has different eigenvalues 4 ~ 6 with respect to different doublers 
(p ~ it a) i and the strong coupling expansion is actually in terms of powers of 
4g2^ 2 (p) • ^ s ^ ne consequence, the two-point Green functions (|TT| - p!7D computed 
by the strong coupling expansion with respect to doublers should be a good 
approximation even for the intermediate coupling 

a 2 g 2 ~0(l). (20) 

This discussion agrees with the qualitatively determined critical value g 2 a = 0.124 
in above which all doublers are decoupled via eqs.fllBD. 

However, as for the zero eigenvalues of the operator A 2 (x), which precisely 
correspond to the low-energy modes (p ~ 0) of ifj l L (x) and Xr( x )i this strong- 
coupling limit is trivial and the strong-coupling expansion in powers of ^ breaks 
down. This physically means the weakness of the effective multifermion cou- 
pling for such low-energy modes of i/j z l {x) and Xr{ x )- Nevertheless, we cannot 
exclude the possibility of low-energy modes of three- fermion-states (|l0l), which 



are represented by the poles p ~ of the propagators (|ll] , [i2| ). 

On the other hand, as a consequence of the multifermion interacting action ([J) 
being local, in the strong coupling limit the effective action (inverse propagator), 
which is bilinear in terms of interpolating fields, should be local and analytical in 
the whole Brillouin zone. Thus, the "no-go" theorem of Nielsen and Ninomiya is 



still applicable to this case f21fl . Based on such an observation, one might argue 
the existence of the massless spectrum of the charged and neutral three-fermion- 
states ( IUD by the analytic continuation of their propagators (0,0) from p ~ tia 



to p ~ 0. As a result, the low-energy spectrum (|i8|) is also vector-like. 

Indeed, due to the locality of action (P presented in this paper, all Green 
functions must be analytically continuous functions in energy-momentum space, 
provided the dynamics is fixed by given g\ and g 2 . In the strong coupling sym- 
metric phase (PSM) where j! > 1 and a sensible strong-coupling limit exists, 
two-point Green functions for three-fermion-states ([II]) are essentially indistin- 
guishable from that of the elementary fermion fields ip l L {x) and Xr{ x ) appearing 
in the Lagrangian. In such a phase, the analytical continuity of Green functions 
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for both elementary and composite fields in the whole momentum space does 
result in the "vector-like" phenomenon, as asserted by the "no-go" theorem for a 
free-fermion theory. The only loophole would appear if the propagators of inter- 
polating fields (three-fermion-states) properly vanished and no longer had poles 
at p ~ 0. This indicates that at p ~ 0, these three-fermion-states dissolve into 
three-fermion-cuts, where the "no-go" theorem is entirely inapplicable. 



2 Three-fermion-cuts 



We turn to discuss how these three-fermion-states (|l4|lT|) with the "wrong" chi- 
ralities dissolve into three-fermion-cuts in segment A for the low-energy limit 
(p — > 0). These three-fermion-cuts ]|I~8|, 23fl: 

C[*2(a0], C[¥ R (x)], (21) 

are the virtual states of three individual chiral fermions with a continuous energy 
spectrum, provided the total momentum p is fixed. However, these virtual states 
carry exactly the same quantum numbers and total momentum p as that of three- 
fermion-states. Thus, gauge symmetries are preserved in such a phenomenon of 
dissolving. The dynamics of the three-fermion-states dissolving into their virtual 
state is that the negative binding energy of three-fermion-states goes to zero. In 
the energy plane, it was shown that due to the variety of effective interactions 
(potential), the poles for bound states can be analytically continued to the cuts 
for virtual states on the physical sheet [24]. Presumably, in this analytical contin- 



uation of effective interactions, no other dynamics, e.g. spontaneous symmetry 
breaking, takes place. In segment A, the weakness of effective multifermion cou- 
plings for the low-energy modes of ip l L and xr could lead to the vanishing of the 
binding energy of the three-fermion-states fllPl) . We can conceive a "dissolving" 
scale (threshold) e 

v < e < ~ (22) 
a 

where v is the possible soft spontaneous symmetry breaking scale (av ~ 0). From 
inequality Q2"2]), we understand that no hard spontaneous symmetry breaking in 
segment A is extremely crucial for the possibility of analytical continuation of 
propagators from poles for three-fermion-states to cuts for virtual states of three 
individual fermions. At the dissolving scale e 3> v, we can approximately treat 
elementary massive fermions as massless. 

In the relativistic Lagrangian approach, to discuss the property of three- 
fermion-states dissolving into three-fermion-cuts, we are bound to dynamically 
calculate two-point functions of three-fermion-states (Fig.l) to identify not only 
their poles, but also the corresponding residues. Using the strong coupling ex- 
pansion, we approximately determined the simple poles for doublers (p ~ it a) in 
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eqs. ( |TT| , |i~2"D . The residues Z R (p) and Zl(p) of these simple poles are defined as, 

SIM = /^ W (0)W) ^g^^^ . (24) 

In fact, these residues represent the generalized form factors of three-fermion- 
states. The Zl jR (j)) momentum dependence indicates that different doublers have 
different form factors, which implies the "size" of bound states is different from 
one doubler to another. This is clearly attributed to the momentum dependence 
of effective multifermion couplings in action ([I]). If these residues Z^^p = 
tia) are positive^ and finite constants with respect to each doubler, we can just 
make a wave-function renormalization of three-fermion-states with respect to each 
doubler, 

¥ R \ ren = Z^ r] vD£| ren = Z £^l, (25) 

and the two-point Green functions ( f2~3| , |2"4"D turn into eqs.(|IT[12) in terms of the 
renormalized fields (E5T). 



The residues (generalized form factors) Z R l(p) (|23| , |24D of the three-fermion- 
states fllCf ) are given by one-particle irreducible (1PI) truncated Green functions 
(see Fig. 2), 

r 5 (2) r r 8<®T 

z ^=I.^mmmy ZM ^L^^mm- (26) 

The "primed fields" ^ R (x) and ^%(x) of three-fermion-states are defined by 
eqs. (41) and (42) in ref.||17|| through the generating functional approach. These 
generalized form factors Zi(p) and Z R (p) give the overlap between three-fermion- 
operators (^> l R (x), ^/^(x)) and the interpolating three-fermion-states, that appear 
in the space of asymptotic states of the theory in the scaling region. 

This description coincides with the renormalization of n-point 1PI functions 
with insertions of composite operators. In general, the renormalized n-point 1PI 
functions T^ n with single and two insertions of composite operators are given 

byH, 



r S(Pi>9l»ft!,- ■ ;Qn) = Zr£> g (p 1 ,q 1 ,q 2 ,- ■ -,q n ), 
r ren(Pi ; P2,gi,?2,- • ;q n ) = Z 2 Tif g {p h p 2 , q u q 2 , ■ ■ ■ , q n ) , (27) 

where are the regularized n-point 1PI functions and pi and p 2 stand for the 
momenta entering the composite operators. Similarly given by eq. (|26| ) (Fig. 2) |25] , 
the Z's are the generalized "wave-function renormalizations" of composite oper- 
ators. It is worthwhile to stress that for residues Zl,r being positively finite, 



3 We do not want to have ghost states with negative norm. 
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the wave-function renormalization of composite fields is the exactly same as the 
wave-function renormalization of elementary fields. In fact, composite particles 
are indistinguishable from elementary particles in this case. However, the normal 
wave-function renormalizations of elementary fields appearing in the lagrangian 
is attributed to the fact that these elementary fields are defined at different scales 
rather than their "form factor". Note that the elementary fields ipi(x) and Xr( x ) 
in the action ([[]) are bare fields and have not yet been renormalized. 

However, in the analytical continuation of the propagators (|23| , |24"D in momen- 
tum space, let us assume an interesting case that the residues Zl,r{p) positively 



vanish in the limit p — > for the pole p ~ in eqs.(^, 24) 



Z LtR {p)^0{p n ) p^O, (28) 

with n = 2, 4, 6, • • •. This property of Z^^p) could be realized by an appropri- 
ate momentum-dependence of the effective multifermion couplings g±,g2- Eq . (|28f) 
implies that p ~ is no longer a pole for a relativistic particle in the propagators 
(23], [24]). We are not allowed to make wave-function renormalization fl2"5|) with 



respect to p ~ 0. Eq . fl28|) indicates that the "size" of bound states ( |10D increases 
as p — * 0. These three-fermion-states may eventually dissolve into the virtual 
states of three individual fermions, whose possible configuration in momentum 



space is (p, p, — p) |18|, ^6] , where p is the total momentum and the relative mo- 
mentum (q) is zero. This dissolving phenomenon is entirely determined by both 
the dynamical and kinetic properties of the interacting theory. 

This is reminiscent of the papers [p7 discussing whether helium is an elemen- 



tary or composite particle based on the vanishing of wave-function renormaliza- 
tions of composite states. It is normally referred to as the composite condition 
that the wave-function renormalizations of bound states go to zero (Z — > 0)[^|. 
So far, we only give an intuitive and qualitative discussion of the dissolving phe- 
nomenon on the basis of the relations between the residues (generalized form 
factors) Ziji(p), renormalized three-fermion-states and virtual states of three 
individual fermions (three-fermion-cut). Evidently, we are bound to do some 
dynamical calculations to show this phenomenon could happen. 



3 The three-fermion-cut for neutral channel 

The form factor Z^ip) in eq.(p6|) for the left-handed three-fermion-state can 
be completely determined by the Ward identity (|) . We appropriately take func- 
tional derivative of the Ward identity (|^) with respect to the "primed" field 
^'£(x), and we obtain, 

Z L (p)=aM(p), (29) 

which are positive and finite constants for p = tta (see eq. (|TB|) ) . Together with 
the propagators ([12|) obtained by the strong coupling expansion for g 2 1 and 
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p ~ we conclude that the doublers of the neutral channel ( pip are indeed 
relativistic massive particles, whose wave functions can be renormalized according 
to 

Given the strong coupling g 2 ^> 1, in spite of the propagator (|24|) for the 
neutral three-fermion-state ^\ resulting from the strong coupling expansion for 
p ~ ir a, we can make an analytical continuation from p ~ tta to p ~ 0. However, 
for the reason that Zl(p) — > 0(p 8 ) as p — > 0, we cannot conclude that jo ~ is 
a simple pole for a relativistic massless particle by an analytical continuation of 
the propagator (p4| ) from p ~ 7^ to p ~ 0, whereas we are not allowed to perform 
a wave- function renormalization (^) for p ~ 0. Actually, the propagator (p4j) 
is vanishing at p ~ 0. It is important to point out that at the limit of p — > 0, 
the vanishing of the propagator fl2~j|) is definitely positive, i.e., it is a double zero. 



This implies that ghost states with negative norm would not appear in low-energy 
spectrum. 

However, on the other hand, we cannot conclude that the vanishing of the 
neutral propagator fl2"l| ) for p ~ indicates the virtual state of three fermions 
in the neutral channel. We must compute exactly the same two-point Green 
function for the neutral three-fermion-operator, 

/ e-^<*2(O)*£0r)>, (30) 

for g 2 ^> 1 and p ~ 0, as that (|4|) computed by the strong coupling expansion 
for p ~ % a and g 2 3> 1- Since the coupling g 2 in segment A can be arranged such 
that 

a 2 g 2 w(p) < 1, oo > g 2 3> 1, p ~ 0, (31) 

we can adopt the effective weak coupling expansion in powers of a 2 g 2 w(p) to 
calculate the Green function (|30|). This is due to the fact that xr is always an 
external field in Feyman diagrams (see Fig. 3) of computing this Green function 
(|3Uj) and each \r is associated with g 2 w(p). This is a very reliable approximation 
as far as condition ( pT|) holds. Here, we want to stress that the meaning of p ~ 
is, 

e > p > av ~ 0. (32) 

We can determine the value of g 2 in such a way that the threshold scale e is much 
larger than the soft symmetry breaking scale v. 

Clearly, no bound states in eq.(|30"D can be formed for such a weak effective 
coupling. Only the virtual state for the neutral three-fermion-cut (^TJ) can be 
found in this Green function fl3H|). We show this by calculating ( |3"0"D in the 



effective weak coupling expansion as indicated in the Feyman diagrams (Fig. 3). 
The leading order (0(1)) of this expansion is the first diagram in Fig.3, which 
corresponds to two parts, 

W (x) = -(^)N^ 7 (0)^(x))(^(0)^(x))(^f(0)^(x)), (33) 
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W'(x) 



2a J 



(^(0)^(x))(^(0)^(x))(^r(0)^(x)) ; (34) 

and (133) are 



where 7, 5, (3, a are spinner indices. In momentum space, eqs. 
given as, 



W (p) 



S 3 L L (p + q)tT 



qk 



qk 



s R R{k- q -)sUk+ q -) 



tr 



1 

~2a 

-) 2 

2a J 



(35) 
(36) 



where p is the total external momentum, k and q are the relative internal mo- 
menta. Since segment A is an entirely symmetric phase, i.e. H l (k) = (see 
eqs. (|8],|9]) ) , eq.([3^) identically vanishes. In general, we can write the internal 
propagators S % l L {k) and Srr^) in eq.(p5|) as follow, 



Sl L {k) = S^hik^smk^PR., 
Siui(k) = / fi (A; 2 )7 M sinPF i . 



(37) 
(38) 



These internal propagators S l l L (k) and SRR(k) with internal momentum k G 
(0, tta\ can be given by eqs. ([T^JT5| ) calculated by the strong coupling expansion 
in segment A. We define, 



R{k,q) = tr 



S RR {k- q -)SUk+\, 



(39) 



where we ignore indices i,j in the LHS. Since R(k,q) (|39|) is an even function 
with respect to k and q, 



R{k,q) = R{-k,q), R{k,q) = R{k,-q), 
one can easily show for the external momentum p ~ 0, 

W (p) ~ ac (z 7 X) + 0(p 2 ), 



(40) 



(41) 



where c is a constant. 

The second diagram of Fig. 3 denotes the contribution of order 0[(g2w(p)] 2 } 
to the Green function ( p0|) given by@, 



Wi(p) = [g2w(p)} 2 V(p)S R R(p)V(p), 



(42) 



where Srr(p) is the full propagator of Xi?; as indicated by a full circle in the 
middle of the Feyman diagram (Fig. 3), which is summed over all contributions of 
this effective weak coupling expansion (Fig.4). We can adopt eq.(p3|) for Srr(p) 



4 The contribution ( p4| ) is zero, and other possible contributions are identically zero, owing 
to E(fc) = 0. 
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by an analytical continuation from p ~ it a to p ~ 0. On the other hand, as a 
consequence of the x^-shift-symmetry (^), Srr(p) for p ~ is a free propagator, 



&«(p) ^ -— • (43) 



In eq. (f42|) , V{p) is given by 



V(p)= [ Aw(k~^Si l L (p + q)tT 

Jqk A 



s R R{k- q -)sUk + \) 



(44) 



where the factor 4w(k — |) comes from the interaction vertex. Using a similar 
analysis to that giving eq. ([IT]) , we get for p ~ (up to a finite constant), 

V(p) ~ -a( W M ), (45) 

which cancels the pole of eq.(|43|) at p ~ 0. As a result, we obtain (w(p) ~ p 2 , 
p~0), 

V^(p) ~ (aW) 2 a Cl ( W ^), (46) 
where ci is a finite number. Thus, for #2 3> 1 and p ~ 0, the Green function (j30|) 



is. 



/ e-*-(*2(0)*2(x)> ^ W (p) + Wi(p), (47) 

which is regular at p ~ 0. This shows that the neutral channel is a virtual state 
for the three-fermion-cut in region (|31~|). Obviously, it is absolutely incorrect for 
doublers (p ~ 7Ta) since the effective coupling ( PI) can be extremely large, bound 
states ^l( x ) (|i~0D must be formed. 

Note that in this region fl3~TD , the mixing between the elementary field x_r and 
neutral three-fermion-state ( [T0| ) calculated by the strong coupling expansion 
for p ~ %a is given by ([17|) . Analytical continuation of ([D]) from p ~ 7Ta to p ~ 
shows the vanishing of the mixing at p ~ 0, while this mixing gives rise to the 
gauge-invariant mass terms for doublers p ~ ha- On the other hand, the mixing 
flTTD can be calculated by the effective weak coupling expansion ([J]]). The leading 
order is, 

e-*-<*2(0)^(x)> = / e-*- (~) (#(0)^(*))<^(0)^(0)) + O^p)), 



a; 



(48) 

which vanishes for no hard spontaneous symmetry breaking. 

Based on the computations of the Green function for the neutral channel 



( pOl) at both p ~ tta (il) and p ~ ([47]) for 3> 1, we conclude that in 
the intermediate region ([31]) of the gauge-symmetric segment A, the low-energy 
spectrum (p ~ 0) is 

1. undoubled for all doublers (p ~ tta) decoupled; 
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2. chiral because for only exists a free right-handed mode XRj while ^2 
is no longer a bound state, it is instead a virtual state C[^"]. 

By the analytical continuity of the Green function (propagator) fl30|) in terms 
of the total momentum p, from eq.(^) for p ~ to eq.([Tj]), we must find the 
threshold scale e (p2[), where the neutral three- fermion-state ^(x) (HO) with the 
"wrong" chirality dissolves into its virtual states and only xr remains as a rel- 
ativistic particle at p ~ 0. We emphasize that this already violates the "no-go" 
theorem even though the chiral fermion is neutral. However, it is worthwhile to 
point out that such a mechanism violating the "no-go" theorem is only expected 
to work in the cases of neutral and anomaly-free theories. On the contrary, we 
recall that in the PMS phase of the Smit-Swift model[|29]], the wave-function 



renormalization of the composite neutral field is given by the vacuum expecta- 
tion value of scalar fields, z 2 = iy' ( {x)V{x + a))[|3D|, which is not momentum 
dependent. 



4 The three-fermion-cut for the charged chan- 
nel 

The form factor Zr(p) (^) for the right-handed three-fermion-state ^ R {x) (|10|) 
can not be determined by the Ward identity (|). Instead, it can be calculated 
by using the results obtained in the strong coupling expansion for g 2 ^> 1 and 
P ~ tta- 

The lPI-vertex function associated to Z R (p) is given by the truncated Green 
function ( p6|) that is defined as (as indicated in Fig. 2), 

-ipx 



Zr(p) = e 

J X 



21 ,22 



Km(p)) _1 S 1 UP) (^eeb))" 1 , (49) 



where 



G* M (x,z 2 ) = (V R (x)¥ R ( Zl )} - sZ M (p) 
G* L (z 2 , Zl ) = (* l R (z 2 )j k L (zi)) - Sl L (p') 
(JLizuO) = (ti l (x)$ i L {z 1 ))o^S& e (f), gi,92 = 0, (50) 

and their transformations into the momentum space in the last line of eq . ([49|) . 
Adopting the results S 3 MM (p) (JTT|), S^ IL (p) (|TBp and the free propagator 

SfiLte) of the we § et ; 

Z R (p) = aM(p), (51) 
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which is the same as Zl(p) ( p9|) directly derived from the Ward identity (||). 
Eg . (|51~1) is a positive and finite constant for doublers p ~ n A (see eq. ([T3|) ). To- 
gether with the propagator (|23|) obtained by the strong coupling expansion for 
g 2 1 and p ~ 7T^, we conclude that the doublers of charged channel (|3|) are 
indeed relativistic massive particles, whose wave functions can be renormalized 
according to fl2~5"|). 

In spite of eqs.(|23|) and (|5~lD obtained by the strong coupling (g 2 ^ 1) ex- 



pansion for p ~ we can analytically continue the momentum "p" in these 
equations to the limit of p — > 0. When p — > 0, Z^{p) — > 0(p 8 ), the propagator 



( |23|) of charged three-fermion-state vanishes. This implies that the low-energy 
state (p ~ 0) of ^(x) with the "wrong" chirality is no longer a simple pole as a 
relativistic particle, instead it is a virtual state. We stress again that at the limit 
of p — > 0, the vanishing of the propagator of the charged three-fermion-state is 
definitely positive, i.e., it is a double zero, which implies that ghost states with 
negative norm do not appear and couple to the gauge field in the low-energy 
limit. Otherwise, the theory would be inconsistent 



On the other hand, in order to directly show that the low-energy state (p ~ 0) 
of ^ l f>(x) is the virtual state for a three-fermion-cut. We have to compute exactly 
the same two-point Green function, 

/ e-^UO^x)), (52) 

of the charged channel for p ~ and g 2 3> 1 as that (^3|) computed by the 
strong coupling expansion for p ~ tva and g% ^> 1. However, unlike the case of 
neutral channel, we do not have the reliable method of the effective weak coupling 
expansion in powers of a 2 g2w(p) (|31~D, since ipi(x) is always an external field in 
the Feyman diagrams computing the Green function (|52|) and each ipi does not 
associate with g 2 w{p). In this case, the effective weak coupling expansion used 
for computing the neutral channel (Fig. 3) must breakdown for g 2 ^> 1. 

Nevertheless, we observe that the last binding threshold is located at a 2 g^ = 
0.124 @. Above this threshold (g 2 > g a c ,a 2 g 2 ~ 0(1) eq.©), all doublers 
are supposed to be decoupled via eqs.(|TT],|rj) and ( JTByT8| ). The critical point 
a 2 g® = 0.124 is a rather small number. Thus, at a 2 g2 ~ 0(1), we introduce Nf, 
an addition number of fermion flavours of ifj l L and xr so that, 



a 2 g 2 > 0.124, g 2 = a 2 g 2 N f < 1 fixed, N f = 3 ~ 8, (53) 

where the value of Nf depends on the value of a 2 g 2 considered. Therefore, in a 
certain intermediate region of a 2 g 2 ~ 0(1), we adopt the large- Nf technique to 
control the convergence of the approximation (see Fig. 3) and calculate the Green 
function ( |5*2"D of the charged three-fermion-operators for the low-energy p ~ 0. 
Hence we can get a qualitative insight into the charged low-energy spectrum 
(p ~ 0) within the intermediate region of g 2 ([53]) . We expect that the dynamics 
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of the interaction is not greatly changed by introducing more flavours. As for 
a 2 g2 > 1, such large- Nf technique is doomed to fail. 

Analogous to the case of neutral channel (ffTD, the non-trivial leading order 
O(Nf) contribution, as indicated by the first diagram in Fig. 3, is (p ~ 0), 

W c {p) = -N f J S RR (p + q)R(k, q) (54) 

The second order (a^iV/) 2 contribution, as indicated by the second diagram in 
Fig-3, is [p ~ 0), 

Wtip) = (g2N f ) 2 V c (p)S LL (p)V c (p) (55) 
where we ignore indices ij and V c (p) is given as (p ~ 0) 

V c (p) = - [ Aw(p + q)w{k - l)S RR (p + q)R(k, q), (56) 

Jqk / 

where the factor 4w(p + q)w(k + |) comes from interacting vertices. The full 
propagator Sll{p) of ip l L (x) in eq. fl55|) , as indicated by a full circle in middle 
of the second diagram in Fig.3, is calculated by the train approximation (as 
indicated in Fig.4) for the external total momentum p ~ 0, 

SUP) = f c-*-<^(0)^(x)> ^ Z 2 1 ( P )SUp)- (57) 



The wave-function renormalization Z 2 (p) of the elementary field i^\{x) is given 
by (see Appendix A), 



Z 2 (p) = l + ^J k ^w(p + q)w(k-^ 2 S RR (p + q)S LL (p)R(k,q). (58) 



Note that in eqs.(|54|,|56],^8|) and R(k, q) (^), the internal propagators £ll(/c) for 
ip l L (x), and S RR (k) for Xr{ x ) are respectively given by eqs.(^,^) or approxi- 
mately by eqs.([L4|,[l^). The reasons for such choices are that in the region fl53|) , 
doublers {k ~ tta) are supposed to be decoupled via eq. (|TJ|,[l^) and the inter- 
nal momentum k runs from k ~ to k ~ it a- As for the propagator Sll{p) in 
eqs. (|57| ,58) for the external total momentum p ~ 0, we adopt eq.(14) by analytical 
continuation from p ~ tta to p ~ 0. 

Analogous to that (|4l|) in the neutral channel, for the total momentum p ~ 0, 
the leading order contribution ([54]) becomesi, 

W^-aiV^ZT^). (59) 
As for the second order contribution (|55|), we find for p ~ 0, 

F c (p)~a(i 7 X), (60) 



5 " " 



indicates up to a finite constant. 
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which cancels the pole at p = stemming from the propagator Sll hi eq.flSTl). 
And the wave- function renormalization Z(p) of the elementary fields tpi(x) at 
p = is given by, 

Z 2 (0) = 1 + const., (61) 

due to eq. fl39|) . This indicates that the relativistic particle (p = 0) of receives a 
wave-function renormalization ^(0). As a result, the second-order contribution 
Q55D reads, 

W?(p) ~ {hfa{il^). (62) 
Thus, for p ~ the Green function ( |52|) is approximately computed as, 

/ e -*»(*« (0)^)) ~ ^ c (p) + W?(p), (63) 

which is regular at p ~ 0. This implies that in this intermediate region (|53|) , 
the charged channel of three-fermion-operators at p ~ is not a simple pole 
for a massless relativistic particle with the "wrong" chirality, rather it is regular 
for a virtual state of three-fermion-cut. This agrees with the result obtained by 
analytical continuation of the propagator (^3|) from p ~ tia to p ~ 0. 

An important consistent check is to examine the equation ( |55| ) for the "dou- 
blers", i.e., the external momentum p ~ -ka- In fact, for p ~ it a, 

V c (p) ~ -Aw(tt a ) / w(k - hs RR (p + q)R(k, q). (64) 

Jqk Z 

This results in the coupling g 2 in the second-order contribution ( |55| ) being en- 
hanced up a factor of w 2 (tta) (see eq.(p|)), 

W1(p) ~ (^( 7 r A )) 2 l/ c (p)5 ii (p)V rc (p). (65) 

Analogously, for p ~ 71^, 

Z a (p) ~ 1 + 2 fo^0) 2 jf ^ ( 4w (fc - |)) 2 ff^(p + q)S LL (p)R(k, q). (66) 

The consequence is the complete breakdown of the large- Nf expansion (|5^), which 
is not convergent for p ~ it a, to calculate the two-point Green function (0) of 
charged three-fermion-operators. This implies that bound states (three-fermion- 
states) with the total momentum p ~ it a should be formed, consistently with the 
bound states that we find by the strong coupling expansion for p ~ tta- 

We turn to the computation of Green function for the mixing between the 
elementary field ip l L and charged three-fermion-state ^ R (0). This mixing can be 
calculated by the large- Nf expansion fl53T) . The non-trivial leading order O(Nf) 
is explicitly written as, 

/ e- ipx (¥ R mi(x)) = I e"*- (-) (M0mx))(^mM0)) + O 

Jx Jx \dj 

(67) 
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where O (J^-j stands for higher order contributions. Eq.(p7|) vanishes for non 
spontaneous symmetry breaking (see eq.(|8])). Consistently, an analytical contin- 
uation of the Green function fllTf ) from p ~ tca to p ~ shows vanishing of the 
mixing at p ~ as well. 

Finally we check that in the intermediate region of g 2 O) , whether the Green 
function ([57]) for the elementary field tjj l L has a simple pole at p ~ representing 
a relativistic massless particle. Due to Z 2 (0) = 1 + const. (§Tj), one can check 
the propagator ([57]) for ip l L has a simple pole at p — 0, which indicates a mass- 
less, charged left-handed -0L in the low-energy spectrum. This agrees with the 
analytical continuation of the propagator (|14]) from p ~ ix^ to p ~ 0. 



In the continuation from eq.(p23[) for p ~ tta to eq.(|63|) for p ~ 0, we must 
meet the "dissolving" threshold e, which should be the same as that in the neutral 
channel. We need to point out that the computation of charged channel is differ- 
ent from the computation of neutral channel. In the neutral channel, the Green 
functions ( |I7||i7l , [24l) ) for p ~ %a and (|43|j47|j48|) for p ~ are both consistently 
calculated in g 2 ^> 1- However, in the charged channel, the Green functions 
( |57| , |63| , j67|) for p ~ are computed in the intermediate region a 2 g 2 ~ 0(1) (|53|) , 
while the same Green functions ( |I^ , p3| , [TE| ) for p ~ tca are computed in the re- 
gion g 2 3> 1. This may raise a question whether the dynamics we explore for 
p ~ 0, a 2 g 2 ~ 0(1) and for p ~ %a, a 2 92 3> 1 are consistent. We argue that such 
studies are qualitatively justified, since the computations in the strong coupling 
expansion with respect to doublers (p ~ 71^4) are valid as well for a 2 ^ ~ 0(1) 
( p0|) as discussed in the section 1. 

In conclusion, on the basis of approximate calculations of relevant two-point 
Green functions of elementary and composite three-fermion-operators with re- 
spect to doublers p ~ % A and low-energy mode p ~ 0, we qualitatively explore 
a possible scaling window in segment A, where in the low-energy spectrum, the 
three-fermion-states with the "wrong" chirality turn into their corresponding vir- 
tual states, and elementary fermion states with the "right" chirality remain as 
massless states. Evidently, full non-perturbative numerical simulation to explore 
this scaling window is very inviting and necessary in particular for any solid 
conclusions in the charged channel. 



5 Some remarks 

In this paper, we have discussed the features of the spectrum of neutral and 
charged sectors appearing in segment A @). It is interesting to point out that in 
this scenario, doublers (p ~ tta) are decoupled by a gauge-invariant mass term, 
while the low-energy modes with the "wrong" chirality are "decoupled" by the 
vanishing of their generalized form factor. However, it is still far from a definitive 
demonstration that chiral gauge theories in the low-energy limit can be achieved 
in this way, we need to have numerical simulations to show that this scenario is 
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indeed realized in segment A. 

The whole spectrum in segment A is gauge symmetric, and Ward identities 
of gauge symmetry are preserved. We can straightforwardly turn on the per- 
turbative gauge interaction. By the strong coupling expansion in powers of ^, 

we compute |I8| three-point vertex function (^ R (x)^f R (y)A fl (z)) and obtain the 
vertex of the SUl(2) gauge field coupling to the charged three- fermion-state (the 
leading order of gauge coupling 0(g)), 



%rr[P,p) = ig—l^P R cos , (68) 



where the momenta of three-fermion-states p,p' ~ tta- According the renor- 
malization (p7|) of truncated Green functions with two three-fermion-operator 
insertions, the vertex of gauge coupling to the three-fermion-states is given by 
(Fig.5), 

^L(P,P) = i9^7»PRCOS^-^Z R (p)Z R (p>). (69) 



For p ~ it a and p' ~ it a, Z r s are positive definite constants, we thus renormalize 
the wave functions with respect to each doubler (|25|), as discussed in section 2. As 
a result, gauge coupling vertex ( |69| ) turns into (|68"D. Although eq.(^) is obtained 
for p,p' ~ tta and a 2 g 2 ^> 1, it can be analytically continued to p,p' ~ 0. We find 
that in the limit of p —>■ and p' — > 0, the coupling vertex ( |B"9"D of three-fermion- 
operators and gauge boson vanishes as 0(p s ). This consistently corresponds to 
the dissolving of three-fermion-states into three-fermion-cuts in the low-energy 
limit. Since the propagator of charged three-fermion-states positively vanishes, 
there are no ghost states with negative norm coupling to gauge field through the 
Ward identity stemming from the gauge symmetry in segment A. 

The model presented in this paper cannot be considered as a realistic model 
reflecting all aspects of chiral gauge theories. We need to completely understand 
the relationship between the anomaly-free condition and the realization of such 
dynamics discussed in the paper. We also need to understand what kind role 
of 't Hooft condition for anomaly matching ||35||, fermion-number violation and 
Witten's SU(2) global anomaly pEj would play in such dynamics. 

In this approach, the left-handed field iJj 1 l (x) is the doublet of the SUl(2) 
chiral gauge group. However, it can be generalized to be the left-handed field 
(complex representations) of any anomaly-free chiral gauge group (e.g. SU(5) 
and SO(10)). A right-handed field (spectator) \Ri that is a singlet of the chiral 
gauge group, can be introduced and coupled to the left-handed field in the same 
way as the multifermion couplings given in ([!]). As for the right-handed field 
of chiral gauge groups, we can analogously introduce a left-handed spectator field 
Xl that is a singlet of the chiral gauge groups, and couple it to the right-handed 
field ifj R in the same way as the multifermion couplings in the action (|T]) with 
L <-» R. This indicates that such a formulation of chiral gauge theories is actually 
quite general. 
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To be more specific, we take the anomaly-free chiral gauge group of the Stan- 
dard Model as an example. In this realistic case, can be both left-handed 
lepton doublets and left-handed quark doublets. The candidate for a right-handed 
spectator field xr could be the right-handed neutrino v R . As for the right-handed 
fields i\) R with respect to LV(1), we can introduce an additional left-handed spec- 
tator field Xl (a SUl(2)®Uy(1) singlet) coupling to the right-handed fields ip R as 
that in eq.(P. These spectator fields v R and xl are free and decouple from other 
particles due to the v R - and x^-shift-symmetry acting on them. In this way, we 
can in principle have a gauge-invariant formulation of the Standard Model on the 
lattice. In practice, non-perturbative analysis, which can be done analytically to 
show whether such a formulation gives the low-energy Standard Model, should 
be more or less similar to (certainly more complicated than) that discussed in 



this paper and references []T7| [18| . However, the spectator field xl might not be 
necessary. Alternatively, the 't Hooft vertex in the lattice formulation of the 
Standard Model|14| provides a scenario in which fermion-number conservation is 
explicitly violated, and all chiral fermions find their patterns with opposite chi- 
rality within the Standard Model. The formulation of a realistic Standard Model 
with multifermion couplings and all features of dynamics discussed in this paper 
are an extremely interesting subject for future studies. 

I thank Profs. G. Preparata, M. Cruetz, A. Slavnov, E. Eichten, and Jean 
Zinn- Justin for many helpful discussions. 



Appendix A 



The propagator of xjj l L is given by eq.(|TJ]) {p ~ 0), 



s ll(p) = SijPLpPR, p 



^E M sin 2 p M + M 2 (p)- 



The Feyman diagram (see Fig. 6) is given by, 
t ij (p) = 5*Pr<t(p)Pl 



a(p) = -N f [ \S RR (p + q)ti 

J qk 



S RR {k- q -)S LL {k+^) 



-N f XS RR (p + q)R(k,q), 

J k,g 



where Sll,S rr are ( ]T^ , p~5|) and R(k,q) is eq. (|39|) and 

A = (^g 2 w(p - k)w(k + |)) = jpa' A (^g 2 w{p - k)w{k + |) 
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(70) 



(71) 



(72) 



The wave-function renormalization Z 2 (p) of ^(x) in eq. ( p7|) can be calculated 
by using the train approximation (see Fig. 4), 



Z 2 1 S ll (p) = Pl(P + pcrp + papap H )PrS 1 ° 

1 — ap 



SUP) (t^-i) , (73) 



and one gets 

Z 2 = l- ap. (74) 

With eq. ([71]) one can get 

crp = J kq (^~92w(p - k)w(k + ^y S RR (p + q)S LL (p)R(k, q). (75) 
By substituting eq. (|75|) into fl74]), one gets eq. (|58|). 
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Figure Captions 

Figure 1: The two-point Green functions of composite three- fermion-operators 
at strong coupling $2 ^* 1 for p ~ it a, indicating three-fermion-states. 
Figure 2: 1PI truncated Green functions of an elementary field and one three- 
fermion-operator insertion, i.e., the generalized form factors of three-fermion- 
states. 

Figure 3: The two-point Green functions of composite three-fermion-operators 
in the effective weak coupling for p ~ 0, indicating three- fermion-cuts. 



20 



Figure 4: The train approximation to the propagators of the elementary fields 

i>\ and xr- 

Figure 5: Gauge boson coupling to three-fermion-states. 

Figure 6: A single bubble diagram in the weak-coupling expansion (see Figs. 3, 4). 
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